We consider fretting wear due to superimposed normal and tangential oscillations of two contacting bodies, one of which is an elastomer with a linear rheology. Similarly to the contact of elastic bodies, at small oscillation amplitudes, the wear occurs only in a circular slip zone at the border of the contact area and the wear profile tends to a limiting form, in which no further wear occurs. It is shown that under assumption of a constant coefficient of friction at the contact interface, the limiting form of the wear profile does depend neither on the particular wear criterion nor on the rheology of the elastomer and can be calculated analytically in a general form. The general calculation procedure and explicit analytic solutions for two initial forms, parabolic and conical, are presented for various combinations of frequencies and phases of normal and tangential oscillations as well as for various linear rheologies of the elastomer.
Introduction
Fretting wear occurs in joints subjected to oscillations with small amplitude. Technically important examples are fretting of tubes in steam generators and heat exchangers, [1] [2] [3] joints in orthopedics, 4 electrical connectors, 5 and dovetail blade roots of gas turbines 6, 7 as well as many others. For many applications, contacts between rigid bodies and polymer or elastomer substrates are of interest. Studies on the fretting wear in contacts between polymers and metal counterfaces have shown that small oscillatory contact motions can produce wear of metal surfaces as well as cracking on the polymer surface. [8] [9] [10] [11] [12] [13] The occurrence of either of these processes may depend on the loading conditions (normal load, tangential displacement, and frequency), on the contact geometry, on the material properties and on the environmental conditions. The main wear damage sometimes can be determined using the fretting maps. 14 In the present paper, we investigate the conditions under which the main damage is due to wear of the ''rigid'' metallic indenter while the appearing stress distribution is due to deformation and rheology of the polymer.
Depending on particular properties of materials and on loading conditions, fretting wear can lead either to a progressive wear or to some final state in which no further wear occurs. 15 In the present paper, we consider this latter case and derive the shape of the final, no-wear state.
Consider a rotationally symmetric profile which is brought into contact with a rigid surface and then oscillates in the tangential direction with a given amplitude u ð0Þ x and in the normal direction with the amplitude u ð0Þ z . Under assumption of sticking condition, the tangential stress has a singularity at the border of the contact area. 16, 17 This is valid even under consideration of the changing area of contact due to normal oscillation. 18 This singularity will lead to the appearance of a circular slip zone at the border of the contact area [19] [20] [21] which leads to wear in this zone 15 while the inner parts of the contact remaining in the state of permanent stick. Note that the existence of the area of permanent stick was shown by Barber et al. 22 for arbitrary two-dimensional topographies (with not necessarily connected contact area) under very general assumptions and for three-dimensional topographies under usual assumptions of the Cattaneo-Mindlin theory. In the present paper, we consider only axis-symmetrical profiles; however, the 1 Technische Universität Berlin, Berlin, Germany results of the paper 22 provide a principle possibility of generalization to arbitrary profiles.
In the present paper, we will assume that the friction can be described by a local formulation of the Amonton's law: the surfaces in contact are in the sticking state if tangential stress is smaller than normal pressure p multiplied with a constant coefficient of friction , and the tangential stress remains constant after the onset of sliding
At the circular border of the stick region with radius c, the condition ðcÞ4pðcÞ must be fulfilled every moment. Inside this region, the condition 5 p is valid. Due to wear outside of the sticking region, the local pressure in the sticking region will increase and outside decrease further, independently of whether the experiment is done under conditions of constant normal force or constant indentation depth d. This will lead to a progressive wear outside of the region of stick. The wear process will advance until the pressure in the sliding region becomes zero. In this limiting state, the inner parts of the contact will still remain in the sticking state, while the wear rate in the outer parts of the contact tends to zero. The final state of no wear can be considered as a sort of ''shakedown'' state, in which no further inelastic processes occur. The detailed kinetics of the profile depends on the wear criterion used as well as on the loading conditions (controlled force or controlled indentation). In most cases, the Reye-Archard-Khrushchov wear criterion is used, stating that the wear volume is proportional to the dissipated energy. [23] [24] [25] According to this wear criterion, the wear rate vanishes if either the relative displacement Áu x of the bodies or tangential stress in contact is zero. In non-adhesive contacts, the latter means vanishing of the normal pressure p. The no-wear condition thus reads No wear condition :
From these conditions, it follows that the pressure in the final state is non-zero only inside the stick area and vanishes outside. The whole process and the condition (2) for the final state were formulated in detail in Ciavarella and Hills. 15 The authors of this paper suggested that it should be possible, using this condition, to deduce the final shape. For the cases of pure tangential oscillations and elastic contact, the shakedown profiles have been calculated analytically in the paper. 26 In the paper, 30 the wear process has been simulated and it was confirmed that with increasing number of oscillation cycles the shape of worn profile tends to the limiting form found in Popov. 26 The same procedure as used in Dimaki et al. 27 was additionally validated by comparison with finite element simulations in Dimaki et al. 28 Thus, the approach of the paper 26 can be considered as validated by at least two independent simulation methods. In the present paper, we will generalize the treatment suggested in the paper 26 to the dual-mode wear (superposition of normal and tangential oscillations) and the case of visco-elastic contact.
Analytical solution for the final state with the method of dimensionality reduction (MDR)
To find the final profile, we use the method of dimensionality reduction (MDR). 29, 30 This method allows solving the normal and tangential contact problems for axisymmetric bodies by mapping them to a onedimensional contact of properly defined elastic or viscoelastic foundation. We would like to stress that in spite of analyzing a contact with one-dimensional foundation, the MDR provides exact solutions for the initial three-dimensional contact problem. The corresponding proofs can be found in the literatures 29, 30 as well as in addendums to the monograph. 31 In Argatov and Popov, 32 the complete proof of the validity of the MDR in application to viscoleastic indentation was given both for loading and unloading phases of indentation. In the following part, we shortly recapitulate the basics of the method of dimensionality reduction.
The main steps of the MDR are as follows. Given a three-dimensional profile z ¼ f ðrÞ, we first determine the equivalent one-dimensional profile, 30 Figure 1
The back transformation is given by the integral The profile equation (3) is pressed to a given indentation depth d into an elastic foundation consisting of independent rheological elements. For an incompressible elastomer, the force-displacement relations for each element of the viscoelastic foundation are given by the rules
where GðtÞ is the time-dependent shear modulus 17 and Áx is the spacing between adjacent elements of the viscoelastic foundations. In particular, in the simplest case of a Kelvin body the elements of the foundation can be represented by spring with stiffness k z and damper z in the normal direction and stiffness k x and damper x in the horizontal direction, as shown in Figure 1 . The stiffnesses and damping constants are given by the rules
where G is the shear modulus of the medium and is its viscosity. The resulting vertical displacements of the springs in the contact region are given by 
where c is the radius of the region of permanent contact and g 0 ðxÞ is the one-dimensional MDR-transformed profile corresponding to the initial non-worn profile f 0 ðrÞ. This shape is schematically shown in Figure 2 . The three-dimensional limiting shape can now be calculated by the back transformation equation (4)
Limiting shape in the case of dual-mode wear in an elastomer contact
As stated above, the limiting shape is unambiguously determined by the radius c of the region of permanent stick and the maximum indentation depth during oscillation. Thus, determination of the limiting profile reduced to the determination of the radius c and the d max . Assume that the movement of indenter is given by the equations
The maximum indentation depth is then determined trivially as
This value has to be used in equation (10) 
Note that the form of the limiting profiles is independent on rheology. The rheology only determines the radius c of the permanent stick region. Now we are going to determine the radius of the permanent stick. The element at the coordinate c is the last one which is in the permanent contact with the indenter. This means that it follows the movement of the indenter all the time. Displacements of an element at the point x then will be The normal and tangential forces will be given by equations
where G ! ð Þ ¼ G 0 ð!Þ þ iG 00 ð!Þ is the complex shear modulus, i is imaginary unit, G 0 ð!Þ is the storage modulus and G 00 ð!Þ is the loss modulus. 17 The nonslip condition reads ÁF x j j4ÁF z or 2 3 u ð0Þ
It follows
or gðcÞ ¼ min 
Equation (19) can be further simplified as
where ¼ !t þ ' 1 with ' 1 being the phase angle of the complex shear modulus Gð!Þ defined by the equation tan ' 1 ¼ G 00 ð!Þ=G 0 ð!Þ. Let us first consider the case when the phase shift between the normal and horizontal oscillation is not fixed (e.g. there is some slow phase creep in the system). In this case, we just have to use the maximum values of cos þ ' 1 ð Þ and cos , and the equation (20) simplifies even further to
This equation will be valid also in the case of two different (incommensurate) frequencies of oscillation in normal and tangential directions, in particular in the case when one of the frequencies is much larger than the other one.
However, if the frequencies are equal and phase shift is fixed by some mechanism of mode synchronization, the situation is more complicated. Evaluation of the equation (20) shows that the smallest stick radius (and thus the largest amount of the worn volume) is achieved at ' 0 ¼ 0 and is given again by the equation (21) while the maximum stick radius (minimum wear volume) is realized at ' 0 ¼ =2
For the sake of completeness of analysis, we provide in the following also some exact results in the case of fixed phase difference between oscillations for arbitrary phase shift. In the general case, the finding of the minimum in equation (20) 
then the minimum of the right-hand side of equation (20) inside the interval and the corresponding radius formally calculated with equation (20) is
, n 2 Z, and cos ' 0 5 À 1 k , the minimum inside the interval and the corresponding formally calculated radius of the permanent stick region is given by
with a damper (G 2 ,!i). Similarly, it follows
q and
where ¼ =G 2 . With this ''complex modulus method'' various linear rheologies of elastomer can be applied into the general calculation procedure and explicit analytic solutions.
Various combinations of frequencies of normal and tangential oscillations
Suppose ! 1 and ! 2 are the frequencies of normal and tangential oscillations. If ! 1 ¼ ! 2 , the above calculation based on equation (17) is valid. When ! 1 6 ¼ ! 2 , it can happen that the singularities determine the radius of stick region. For arbitrary combination of ! 1 and ! 2 , the calculation is more complicated and is not discussed in the present paper.
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